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Abstract – A non-existence theorem of classical electrodynamics in odd-dimensional spacetimes
is shown to be invalid. The source of the error is pointed out, and is then demonstrated during
the derivation of the fields generated by a uniformly moving point source.
Introduction. – In [1], Kosyakov et al have asserted
a no-go theorem for the existence of electromagnetic fields
due to arbitrarily moving point sources in odd-dimensional
spacetimes. The proof showed that the potentials Aµ(x)
due to such a source are pure gauge Aµ(x) = ∂µχ(x) de-
rived from some scalar function χ(x). Therefore, any fields
Fµν = ∂µAν−∂νAµ derived from such potentials are iden-
tically zero.
An error in the derivation, however, renders the conclu-
sion false. In the following, we show the exact point of
error, and we demonstrate it along the a derivation of the
fields generated by a uniformly moving point source.
Maxwell electrodynamics in odd-dimensional
spacetime. – Following [1], we begin with the definition
of the current jµ(x) in some odd-N-dimensional space-
time. Given an arbitrary worldline zµ(s) parameterized
by proper time s, the covariant form of the current is
jµ(x) = e
∫ +∞
−∞
vµ(s)δN (x− z(s)) ds (1)
where vµ(s) = z˙µ = dzµ/ ds. In the generalized Lorentz
gauge, the potentials Aµ(x) obey the N -dimensional wave
equation:
∂ν∂
νAµ(x) = jµ(x) (2)
A solution for such an equation is given by
Aµ(x) =
∫
Gret(x− x′)jµ(x′) dNx′ (3)
The retarded Green function Gret(x) is given by [1,3,4]
Gret(x) =
(−1)n
ΩN
θ(x0)
( d
dx2
)n θ(−x2)√−x2 (4)
where n is defined by D = 2n+ 3, and x2 = xµx
µ.
Defining Rµ(s) = xµ − zµ(s), the potentials become
Aµ(x) = (−1)n e
ΩD
∫ +∞
−∞
vµ(s)θ(R0)
( d
dR2
)n θ(−R2)√−R2 ds
(5)
Then, the integration variable s is substituted with λ =
−R2, and ds/dλ = −1/2(R · v), leading to
Aµ(x) = (−1)2n+1 e
2ΩD
∫ ∞
0
vµ
R · v
( d
dλ
)n θ(λ)√
λ
dλ (6)
Now, the expression vµ/(R · v) is observed to be
∂µ ln |R · v|, and therefore
Aµ(x) = (−1) e
2ΩD
∫ ∞
0
∂
∂xµ
ln |R · v|
( d
dλ
)n θ(λ)√
λ
dλ (7)
Doing n = D/2 − 3 integration by parts and regularizing
the boundary terms to be zero, we have
Aµ(x) = (−1)n+1 e
2ΩD
∫ ∞
0
1√
λ
( d
dλ
)n ∂
∂xµ
ln |R · v|dλ
(8)
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If one takes the partial derivative ∂/∂xµ outside the inte-
gral, one obtains
Aµ(x) = ∂µχ(x)
χ(x) = (−1)n+1 e
2ΩD
∫ ∞
0
1√
λ
( d
dλ
)n
ln |R · v|dλ (9)
The form of (9) suggests that the potentials Aµ(x) are
pure gauge. However, (9) is essentially incomplete. The
very subtle key point lies in the substitution λ = −R2,
where the worldline function zµ(s) and the associated ve-
locity vµ(s) are now functions of λ. However, λ = λ(x; s)
is a function of s, the original integration variable, and
the observation point xµ as well. Now s becomes a de-
pendent variable, inverted from λ(x; s) to be s = s(x;λ),
bringing explicit xµ dependency into zµ, vµ and Rµ(x;λ) =
xµ− zµ(x;λ). Therefore, the corrected form of vµ/R · v is
more complicated, i.e.,
vµ
R · v =
∂
∂xµ
ln |R · v| − v
2 −R · a
R · v
∂s
∂xµ
(10)
where aµ(s) = d2zµ/ds2. Equations (8) and (9) are there-
fore, incomplete. The second term in (10) indicates that
the additional terms are not in pure gauge form, leading
to the conclusion that Aµ(x) is not a pure gauge.
This completes our argument.
Fields due to a uniformly moving charge. – The
worldline of a uniformly moving particle is given by
zµ(s) = bµs (11)
where vµ = bµ is constant velocity, and zµ(0) = 0.
Then, using (5)
Aµ(x) = (−1)n e
ΩD
∫ +∞
−∞
bµθ(t− b0s)·
·
( d
da
)n θ(−(x− bs)2 + a)√−(x− bs)2 + a ds
∣∣∣
a=0
(12)
Now:
λ = −x2 + 2s(b · x)− s2b2 = −x2 + 2s(b · x) + s2 (13)
where we have taken the on-shell condition b2 = −1. The
support in the past light-cone leads to the upper bound
on s
Aµ(x) = (−1)n eb
µ
ΩD
( d
da
)n ∫ s−
−∞
1√−(x− bs)2 + a ds
∣∣∣
a=0
(14)
where
s− = −b · x−
√
(b · x)2 + x2 (15)
Defining:
r2 = (b · x)2 + x2 (16)
and changing variables from s to θ:
s+ b · x = −r cosh(θ), (17)
we then have
Aµ(x) = (−1)n+1 eb
µ
ΩD
·
·
( d
da
)n ∫ 0
−∞
r sinh(θ) dθ√
r2 cosh2(θ)− r2 + a
∣∣∣
a=0
= (−1)n+1(−1)n (2n− 1)!!
2nr2n
ebµ
ΩD
∫ 0
−∞
dθ
sinh2n(θ)
(18)
The integral
∫
dθ/ sinh2n(θ) is now a constant (the diverg-
ing bound at 0 is regularized away) and therefore:
Aµ(x) = Cn,D
ebµ
((b · x)2 + x2)n (19)
where Cn,D depends only on dimensionality. The fields
derived from (19) are
Fµν(x) = 2eCn,D
bµxν − bνxµ
((b · x)2 + x2)n+1 (20)
and are therefore non-zero.
One can see from (13) that
s(x;λ) = −(b · x)−
√
(b · x)2 + x2 − λ (21)
and therefore, ∂s/∂xµ 6= 0. Thus, if one changes variables
from s to λ(x; s) = −R2(s), then
Aµ(x) =
(2n− 1)!!
2n
ebµ
ΩD
∫ s−
−∞
1
λn+1/2
dλ
R(λ) · b (22)
Now, Rµ(λ) = xµ − bµs(x;λ), and clearly
bµ
R(λ) · b =
∂
∂xµ
ln |R · b|+ b
2
R · b
∂s(x;λ)
∂xµ
(23)
Conclusion. – The no-go theorem for the non-
existence of electromagnetic fields due to a point source
in odd-dimensional spacetimes is proved to be incorrect.
The exact source of error was due to overlooking the some-
what hidden explicit xµ dependence of the worldline func-
tions zµ(s)→ zµ(x;λ), which breaks the pure gauge con-
struct. This was explicitly demonstrated in the uniform
motion case, where the inversion s(x;λ) is relatively easy
to achieve.
Finally, we note there already exists a substantial body
of theoretical work that supports electrodynamics in odd-
dimensional spacetimes, cf. [2–5] and references therein.
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